Chapter 9 

Electromagnetic Waves 


Problem 9*1 
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dz 
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= -2Abhe-’'^''^^+^^^; $4 = - 2 > 46 ^ L-Hb^^+^t) _ 2b‘2^2g-b{i2^+,>t) 

az^ i 

j46cos(i)z)cos(()i;t)^; ^4 = siri(6^;) cos(5t;()^; = —ZAb^v^t^ sin(bz)sm{bvt)^', 

u 

sin(6z) s\n{bvt)^ - sm(62} cos(67;0^ / 


Problem 9*2 


Q r ^2 f 

= Akcoa{kz)cos{kvt)-, = -Ak^sin{kz)cosikvt); 
0Z UZ 

d^f 


,d^f 


^ = -Akvsm{kz)sm{kvt); = -Ak'^v^ sm{kz)cos{kvt) = 

Use the trig identity sin a cos (3 = |[sin(a; + ^) + sin(a — 3)] to write 


f = 


— {sin[A:{z + vt)] + sin[fc(z - wt)]} , 
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which is of the form 9 . 6 , with 5 = (A/2) sin[fc(z - ut)] and h = (A/ 2 ) sin[/;:{2 + vt)j. 

Problem 9.3 


(As)^ 

^3 


<^3 


(Aae*''^) (Age-'^") = + Aze'^^) {Aie-‘‘'‘ +^36-*^") 

(Ai)2 + (As)^ + A 1 A 2 +e-**‘e*''=) = (Ai)^' + (Aa)"' + AiA22cos{^i -(S 2 ); 

^/{Ar)^ + {A 2 V + 2Ai Aa cos(Ji - Ja). 


A3 (cos (53 +f sin^a) — Ai(cos 5 i + isin^i) + A2(cos(52 Afsin^a) 

(Ai cos^i + Aa cos^a) + i(Ai sin (Si + Aa sin^a)- tan ^3 — 

A3 COSOs 

f A-i sin ( 5 i + A2 sin 62 

~A e— F“ 

\ Ai cos 61 + A2 cos <^2 



Ai sinfJi 4- A2 sirif^a 
Ai cos^i + A2 COSS2' 


Problem 9-4 

d'^f 15 ^/ 

The wave equation (Eq. 9 . 2 ) says ^ = ”2'^“ solutions of the form f{z,t} = Z{z)T{t). Plug 

^(fZ 1 ^d?T ^ ld?Z 1 d^T 


this in: T 


dz^ 




de ■ 


Divide by ZT : 


Z dz^ v^T dt^ 


The left side depends only on z, and the 


right side only on so both must be constant. Call the constant 

I ~ = -k'^Z ^ Z{^() ^ 


cPT 

dt^ 


= ~(kv)^T 


Tit) = +Z?e-‘*'''V 


(Note that k must be real, else Z and T blow up; with no loss of generality we can assume k is positive.) 

= {Ae**" + Se-’*U + De-**^*) = Aie^(kz+kvt) ^ ^ ^^^i(~kz+kvt) ^ ^^^gH-kz-kvi) ^ 

The general linear combination of separable solutions is therefore 

f(z,t) - [Ai(fc)e'f*=^+“‘> + A2(fc)e*'‘'^--‘) + A3(fc)e‘(-*"+“‘) + A4(fe)e’('*^--*>] dk, 


where w - kv. But we can combine the third term with the first, by allowing k to run negative (w = jfcjTJ 
remains positive); likewise the second and the fourth: 


/(^A) 





+ A2((t)e‘(*"-‘"‘^ 


dk. 


Because (in the end) we shall only want the the real part of /, it suffices to keep only one of these terms (since 
k goes negative, both terms include waves traveling in both directions); the second is traditional (though either 
would do). Specifically^ 

/ oo 

[Re(Ai) cos{kz + tot) - Im{Ai) sin(A:.3: + u)t) + Re(A2) cos(A:z - wt) - Im(A2) sin(/:z - ujt)]dk. 

-OO 


The first term, cos (fez + a;£) = cos(-A:z - ut), combines with the third, cos{^z - w^), since the negative k is 
picked up in the other half of the range of integration, and the second, sin(^z+tjf) == sin(-ifcz“u;^), combines 
with the fourth for the same reason. So the general solution, for our purposes, can be written in the form 

/ oo 

dk qed (the tildes remind us that we want the real part), 

-OO 
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Problem 9*5 

Equation 9.26 gi(~vit) + hR{vit) = 9 T(-V 2 t). Now ^ ^ ~ ^ ^ 

az V] at oz vi at az V 2 ot 

r A n-T ^ dgi{—vit) 1 dhR{vit) 1 dgT{—V2t) , ^ , 

Equation 9.27 ^ ^ ^ ^ = - 9 T{-V 2 t) + k 

(where k is a constant). 

Adding these equations, we get 2si/(-uit) — (l + ^ ] gT{-V 2 t)+K, or gT(~V 2 t) = f — ] 0|(-nit) + /t' 

\ V2/ \vi +V 2 J 

t ^2 

(where n = -k ^ )* Now gi{z,t), griz^t), and hfi{z,t) are each functioiis of a single variable u (in the 

i'l 4- V 2 

first case in the second u = z — V 2 ty and in the third u = z -h vit). Thus 


3t{u) - 


= (^) 
\Vi +V2J 


gi{viulv2) + k'. 


Multiplying the first equation by Vilv 2 and subtracting, [ 1 - — ) g[{-vit) — ( 1 + — ) hRivit) — k 

V ^2/ V ^2 / 


^ or hR(u) ~ gii-u) + k' 

\V1-\rV2J \Vi-\~V2/ V^l+^ 2 / 


(The notation is tricky, so here’s an example: for a sinusoidal wave, 

gj = A/CQs{kiz -ujt) = A/Cos[A:i (2 “ uif)] = A/ cos(^siu). 

qt — ATCos{k2Z - wt) = At cos[Ar2(2r - ^^2^] ^ - At cos{k2u). 

hn = ARCos(-kiz - ut) - A/? cos[-^i (2: + uit)] — A/^ cos{-A:iii)* 


Here k* = 0, and the boundary conditions say 
(consistent with Eq. 9*24)*] 


At __ 2if2 Ar ^ V2 — Vi 
Ai Ui + 1^2 ^ A/ Vi + V2 


(same as Eq* 9.32), and “Arj = b 


Problem 9*6 

(a) T sin 0^ —T sin 8^ = ma ^ 


t(^-1 


as 

\ 

\ a^f 



0 + 

dz 

0-J 

I -"'w 

0 


(b) A/ + Afi = At; T[^A: 2 At i/:i(A/ ~ Ah)] = m(-cj^AT), or A:i(A/ - Ah) = ^ At- 

Multiply first equation by ki and add: 2kiA^ = ( ki k 2 — f— 7^ j At» or At = [ I 

\ T J \ki k 2 - imu^/T ) 


Ar = At - Aj — 


2ki — (Aji + j f ki — k2 A- imuf^/T 


) 


A/* 




ki k 2 - imu'^/T \ki + ~ imuj^/T ^ 

If the second string is massless, so V 2 = ^T/^2 — 00, then A:2/A:i = 0, and we have At = { — ■ ) -4/, 

\l-i0J 


, „ mw^ Tn(kiVi)'^ mki T 

where P = -r^ = — . „ — -=r^ — , or 


kiT 


kiT 


T fir' 


P = m 


ki 


= fr ^) = 1 =^> A = 1 , and e‘^ = - 


Pf 


Now 

1 + 2ip ~ 


(\±i£\ ^ 

V-ip) 


— Ae*^, with 


P){\ + ip) l+p^ 


tajiii = 


2^ 


1-^2- 


Thus Afie’'*" = e‘^A/e’*' ^ A^ = A/, 


i5fi = J; + tan 


-1 


m- 


Similarly. = Aa‘* ^ A- = = - 


+ P‘^ 


=> A = 


VA+^ 
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^ tan<^ - So Atc'^^ = , ^ 


(1 - */3)(l + i^) (1 + (9^) 


y/l^ 


i 2 

1^7’= r. 

S'f “ Sj + tan ^ 0. 


1 v 1 'e 



Problem 9.7 


(a)F = TyA2-7^A^-MAz^,or 


dt 




^^d_l 


,cPF 


(b) Let f{z,t) = F{2)e-'“'^ then + 7(-iw)fe-*“' -> 

= ~tz>{uij + iy)F, = -k'^F, where P ^ + n)- Solution : ^(2) — Ae’^~ + 

dz^ dz^ i ^ 

Resolve k into its real and imaginary parts: k = k + in => - tc^ + 2ikK = j 

2t/. = => « = ^; - «* = - (^)’ L = ^^;ot k‘ - kH^u^T) - (u,7/2T)> = 0 => 

' ^ 


- i j^(^icj'^/T) ± + 4(w7/2r)'^] = [l ± \/l + { 7 //iw)^j . But E is real, so k'^ is positive, so 

we need the plus sign: k = ^ V 1 + x/l + {j/iiujy^. k = + ( 7 //iu;)“J 

Plugging this in, F - . But the B term gives an expo- 

nentially increasing function, which we don't want (I as sume the waves are propagating in the +z direction), 

so i? = Oj and the solution is f{z,i) — (The actual displacement of the string is the real part 


of this, of course.) 

(c) The wave is attenuated by the factor which becomes 1/e when 


K 


VTrJl 

7 


1^1 + ^/T+ 


this is the characteristic penetration depth- 


^ Jr fcj Jt 

(d) This is the same as before, except that ^2 ^ ^ From Eq. 9-29, ^4^ = i — — — ; — ) 4/; 


+ A‘ + 


Ah \ / hi - k — iK\ / ki 

Ai ) V A:i + A: + ik) \ki 


- k-h iK\ {ki — k)^ + 


A _ / (Ari - ky^ + 

y iki+kf + i<i'^^’ 


+ k — IK J {ki + ky + K‘‘ 

(where A:, —ui/vi ~ Uy/J^JT, while k and k are defined in part b). Meanwhile 
I' ki - k - _ {ki — k — iK)(fci + k + iK) _ {k^y - k'^ ~ k? - 2iKki 

\ki + k + iK ) (El + ky + (El + E}^ + 




Problem 9.8 

(a) fv(zA) — Acos{kz - wf)x; f/i(2, f) = Acos(E 2 — LOt + 
90°) y = -Asm(E 2 -ujf)y. Since f^ + fl = A^, the vector 
sum f - f,, + fft lies on a circle of radius A. At time t — 
0, f - Acos{E 2 )x - Asin(E 2 )y. At time t - tt/2u!, f - 
Acos{E 2-90®) x-Asin(E2-9Q°) y = Asin(E 2 ) x+Acos(E 2 ) y. 


at (='^/2(, 




at, 




Evidently it circles counterclockwise | . To make a wave circling 
the other way, use ~ “90''. 

(b) 



(c) Shake it around in a circle, instead of up and down. 
Problem 9.9 
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(a) 

u; ^ ^ 

k = x; fi z. 

c 

k-r = (xx + yy + ^z) = 

/ tuf \ Eq /iij \ 

E{Xy t) — Eq cos y—x + uftj z; B(:r, t) = — cos y* 




(b) 


w /x + y + z\ ^ 

c t ^3 J’ "■ 


X — z 


(Since n is parallel to the x z plane, it must have the form o x -h /3 z; 


since n ■ k = 0,/3 = —a; and since it is a unit vector, a — l/\/2,) 

+ y + z) * (xx + yy + zz) = — + + z); k x n — — 

\/3c V3c \/6 


X y z 

1 1 1 

1 0 -1 


= ^i-i + 2y-t). 


E(x,y,z,t) 


iJ 

f St — z\ 

— Eo cos 

■^(x + y + z) -wf 

( )’ 

^{x,y,z,t) 

Eo 

-^ix + y + z)-ut 

f -X + 2y - 

knUS 

C 

1 ;■ 


Problem 9.10 

/ _ 1.3 X 10^ 

” c “ 3.0 X 10® 


4.3 X 10 ” N/m^. For a perfect reflector the pressure is twice as great: 


8.6 X 10 ® N/m^. Atmospheric pressure is 1.03 x 10^ N/m^, so the pressure of light on a reflector is 
(8.6 X 10-®)/{L03x 10^) = 


8.3 X 10 atmospheres. 
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Problem 9.11 


ifg) 


1 

— J a cos(k •r-u)t + 5o)6cos(k • r - wi + Jt) dt 

^ lo ^ ~ + (So + + COS((So - (Sj,)] dt=-^ COS{(5o - = io()COs{Ja - <Sj). 


Meanwhile, in the complex notation: / = g — where d = 06 ’*°, b = 6e**‘. So 

l/y - ioe’t*’ = lot* = io6e’(*°-*‘S, Re = ^-c 


-a6cos{(ia - St,) = {fg). qed 


Problem 9.12 


Tij — tQ ^EiEj — —SijE^^ + " 


With the fields in Eq. 9.48, E has only an x component, and B only a y component. So all the “off-diagonar 
(i ^ j) terms are zero. As for the ^"diagonal” elements: 




(all other elements zero), 
is in the 2 direction, and 
it is being transported in the z direction, so yes, it does make 
sense that should be the only nonzero element in Tij . Ac- 
cording to Sect. 8.2. 3, — ^ - da is the rate at which momentum 
crosses an area da. Here we have no momentum crossing areas 
oriented in the or y direction; the momentum per unit time 
per unit area flowing across a surface oriented in the z direc- 
tion is — = t/ = pc (Eq. 9,59), so Ap = pcAAt, and hence 

Ap/At = pc A = momentum per unit time crossing area A. 


So 


Tzz — -€o£?o C0S^(fc2 “ ut + 5) 


The momentum of these fields 


Evidently 


momentum flux density = energy density. 


/ 


Problem 9.13 





ik ) 


(Eq. 9.86) 


R 


■(m 


(Eq. 9.82), where P = T = 


■'( ra )' 


(Eq. 9.82). [Note that 


p2^2 

tiVi P 2 Vi 


€iVi 




(Eq. 9.87) 


[ 4 ^ + (1 - 0 f ] = 7 -- } ^,^ {40 + 1-20 + 0 '^}= ^ «2 


(1 + 0^ 


i^+0r 


= Hi = _ g-i 

M2 Vw2/ Vl M2^2 

(H-2,9 + ;8^) = l. / 


(1 + ^)' 


T + R = 
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Problem 9,14 

Equation 9.78 is replaced by + Eor^r — and Eq. 9.80 becomes - Eof^iz x Hr) — 

X nr)- The y component of the first equation is EQ^sin$R = BQ^smdT] the x component of the 
second is sin ^/i = sin^T* Comparing these two^ we conclude that sin^i^ = sin^j = 0, and hence 

6r = Or ~ 0, qed 

Problem 9>15 

^ for all x, so (using x = 0)^ A + E = C. 

Differentiate: iaAe^^^ + so {using x = 0), a A + 6i? = cC. 

Differentiate again; so (using x = 0), a^-4 + b'^B — c^C. 

a^A + b^B = c{cC] = ciaA + bB); [A + B)ia^A + b^B) = [A + B}c{aA + bB) ^ cC{aA + bB); 
a^A^ + b^AB + a^AB ^b^B^^ - {aA -f hBf = a^A^ + 2abAB + b^B^, or {a^ + 6^ - 2ab)AB = 0, or 
(a - b)"^ AB — 0. But A and B are nonzero, so a = b. Therefore [A H- B)e^^^ — 
a(/l + B) = cCf or aC — cC, so (since C ^ 0) a — c. Conclusion: a = b — c. qed 


Problem 9-16 

j El = 

^ Bj = — Bo,e*(''' "-“‘n-cosflix + sinfliz); 

Vj 

1^1 z); 


J * 

B/i = **~^^^(cos^i X H- sin^i 

?;i 


Et = 

(i)€,E^=€2Ei-, (iii)Ef = E^, 



^ COS 02 X + sin^i z); 



{n)Bt = Bi-, (iy) A^bI ^ j-Bl 
Law of refraction: [Note: kj * r — ut = Ur ■ r — iot = kr ^ t — at z — 0, so we can 

sm^i vi 

exponential factors in applying the boundary conditions^] 

Boundary condition (i): 0 — 0 (trivial). Boundary condition (iii): Eo, + Eo^ = Eq^ 

n 1 . J .1 i + i £i . 1 JT*. ^ . IT. ri-i-r 


drop all 


_ / vi sin ^ 2 ^ 

\V 2 sin / 


Eot- 


p2t'2 
Then 


Eq^{-cos02) ^ 


Boundary ^x^. ,^VXX.jxx,xvxx ^xx4^. * 

Boundary condition (ii): ^Eq^ sin0i + —.^Oh sin0i = — Eo^sin02 ^ Eq^ + Eq 

Vi Ul V 2 

But the term in parentheses is 1, by the law of refraction, so this is the same as (li)* 

Boundary condition (iv): — —£□/(” cos 0i) + —Eon <^os0i = ^ ^ 

Ml L^i , 

E.,-Eo. = (‘^^^^)e,^^ Let 

\fl2V2COSdlJ ^ 

Solving for and £ot- 2Eo/ = (1 + ot0)^T ^ ^Ot 

- £o. = (r^ - Ee, ^ E„ = (^) E,.. 

Since a and 0 are positive, it follows that 2/(1 + a/3) is positive, and hence the transmitted wave is in phase 

7 2 \ 

the incident wave, and the (real) amplitudes are related by 


M2 ^2 

= (rr^) 


Eoj — ol0Eq^ . 


^O/i 


with 


~ ( V . “ J ■ i The reflected wave is 
V 1 + a/5 / 
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in phase if a/? < 1 and 180^ out of phase if a0 < 1; the (real) amplitudes are related by 


En — 

1 - q /3 

Fr, 


1 + OcP 



To construct the graphs, note that a0 = 0 


- - sin^ e 


so, for 3 — 1.5, a0 = 


\/2.25 ~ sin^ 8 
cos 0 


cos^ 


cos 9 


, where 6 is the angle of incidence, 



Q = 


Is there a Brewster angle? Well, Eq^ - 0 

^12V2 


yjl- (wa/vO^sin^^ ^ i 
COS0 0 


fi^Vi 


or 1 


1 = ^ ■ Since fii 


would mean that a0 — 1, and hence that 

\ViJ 

^ / 22 i this means 1 ^ ( 1 ^ 2 which is only true for optically 


indistinguishable media, in which case there is of course no reflection — but that w^ould be true at any angle, 
not just at a special “Brewster’s angle”. [If ^2 were substantially different from ^ 1 , and the relative velocities 
were just right, it would be possible to get a Brewster's angle for this case, at 



^cos^d+( " cos" e ^ cos^ 6 = ~ ^ ^ ^ (e2/ei)-(/xi^2) 

V/^i/ (^2/^1)^ - 1 (^^2/^1)^ - 1 (/22/Ml) - (M1//22) 


But the media would be very peculiar.] 

By the same token, 5 a is either always 0, or always tt, for a given interface — it does not switch over as you 
change the way it does for polarization in the plane of incidence. In particular, if 0 = 3/2, then a0 > 1, for 


a0 — 


\/2.25 - sin^ 0 


COS 9 


> 1 if 2.25 - sin^ $ > cos^ 9\ or 2.25 > sin^ 9 + cos^ 9=1,/ 


In general, for 0 > I, a0 > 1, and hence Sr — tt. For 0 < I, a0 < I, and Sr — 0. 

At normal incidence ^ a — 1, so FresneFs equations reduce to 
consistent with Eq. 9.82. 


1^0 


Reflection and Transmission coefficients: 


R =(^ y =\ 

fi-apy 

\EoJ ' 

Kl + a0) ■ 


IA0 

Referring to Eq. 9.116, 
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T=— =al3( ^ 

EiWi \Eq, J Vi+<3!/3/ 


R + T = 


(1 — aPy + 4aP 1 — 2ap + + 4a/? (1 + ap) 


(i + apy 


(1 + apy 


(1 + apy 


- 1. / 


Problem 9.17 
Equation 9.106 


P-2A2- Eq. 9.110 => 


a — 


\/l - (sin^/2.42)2 


cos^ 

(a) 0 ^ 0 ^ a ^ 1. Eq. 9.109 
1-2.42 1.42 


( 1 :) = 


a — P 
a + 0 


1 + 2.42 


\Eo, J a 


3.42 

2 


-0.415; 


0.585. 


2 

+ 0 ~ 

(b) Equation 9.112 ^ Pb ^ tan~H2.42) = | 67.5°. 


(c) Eojf — Eq^ ^ a — P = 2\a = P + 2 = 4.42; 

(4.42) ^ cos^ 9=1~ sin^ 61/(2.42)^ 

(4.42) ^(1 - sin^ 0) = (4.42)^ - {4.42)^ sin^ 6 

- 1 - O.lTlsin^^; 19.5 - 1 = (19.5 - 0.17)sin^ 
18.5 = 19.3sin ^g; sin^6i = 18.5/19.3 = 0.959; 
sin^- 0.979; $ - 78.3“. 



Problem 9*18 

(a) Equation 9.120 ^ r — e/a. Now e — e^Cr (Eq, 4*34), €r — (Eq* 9*70), and for glass the index of 
refraction is typically around 1.5, so e (1.5)^ x 8*85 x 10^^^ = 2 x 10“^^ C^/N m^, while a = l/p^^ 10"^^ Hm 
(Table 7*1). Then r = (2 x 10”^^)/10”^^ = 20 s* (But the resistivity of glass varies enormously from one 
type to another, so this answer could be off by a factor of 100 in either direction*) 

(b) For silver, p — 1.59 x 10“® (Table 7*1), and c epj so ojc = 27 r x 10^^ x 8*85 x 10^^^ = 0.56* 

Since a — l/p = 6.25x 10^ > u/c, the skin depth (Eq* 9*128} is 


d^- ^J^ = J 

K V Wt7/i V 


27r X lO^O X 6.25 x 10’’ X 47r X 10“^ 


= 6.4 X 10“^ m -6.4 x 10“^ 


mm. 


Fd plate silver to a depth of about OvOOlmm; there's no point in making it any thicker, since the fields don't 
penetrate much beyond this anyway. 

(c) For copper, Table 7*1 gives a — 1/(1*68 X 10“®) = 6 x 10^, = (^tt x 10®) x (8*85 x 10“^^) = 6 x 10”^* 


Since a ^ Li;Cj Eq. 9*126 ^ k 


]/ 

A = 27T\j — ^ — = 27ri/ 
V uafiQ V 


, so {Eq. 9*129) 


27 r X 10® X 6 X 10^ X 47 r x 10"^ 
UJ u 


= 4 X 10”^ m = 0.4 


^From Eq* 9.129, the propagation speed is t; = — = —A = Ai^ = (4 x 10 ) x 10^ = 400 m/s. In vacuum, 

k 27r ^ — 

, _ c _ 3 X 10® 

1/ ~ 10® 


300 m; 


V = c — 


3 X 10® m/s* (But really, in a good conductor the skin depth is so small, 


compared to the wavelength, that the notions of “wavelength” and “propagation speed” lose their meaning*) 
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Problem 9,19 

(a) Use the binomial expansion for the square root in Eq, 9,126: 

-, 1/2 


+ _i\'\ JE, 

V2[ 2 \euj/ J y 2 2Ve 


So (Eq. 9.128) - S 


[1 

K <7 V M 


qed 


e = ErCo = 80.1 Co (Table 4.2), 

For pure water, ^ ^ Mo(l + Xm) = ^o(l - 9 0 x 10“®) S (Table 6 . 1 ), 

(T = l/(2.5 X 10 ®) (Table 7,1). 

So,i=(2)(2.5.10=)/‘“W»xlO-) 


47r X lO-’’ 


1.19 X 10 ^ m. 


(b) In this case (tr/ew)^ dominates, so (Eq. 9.126) k, and hence (Eqs. 9.128 and 9.129) 

. 25r 2 a- „ , .A 

A — — s — = 27rd, or d = — . qed 

k K 27r 

Meanwhile a E 2 ^ ^ j ^ i , _1 

1,3 X 10“® = 13 nm. So the fields do not penetrate far into a metal — which is what accounts for their opacity. 

(c) Since k ^ k, as we found in (b)^ Eq. 9.1 34 says < p — tan’^(l) — 45 ®. qed 

For a typical metal, then, 


10^ 


Meanwhile, Eq, 9.137 says ^ , 

£■0 V V ^ 


^0 _ /(107)(47r X 10-^) 

Eo V 

10~^s/nn I {In vacuum, the ratio is 1/c = 1/(3 x 10®) = 3 x 10“®s/m, so the magnetic field is comparatively 


about 100 times larger in a metal.) 


Problem 9,20 

(a) „ = 1 = i, 


-'2 kz 


over a full cycle, using (cos^) — 5 and Eq. 9.137: 


cEq cos® (*.2 - wt + Sb) + cos®(Az -ujt + Ss + 4>) 


* Averaging 


(n) -e-®- 






- 4^ 




jLa 


2^-2k,3: 


So the ratio of the 


,El + i2;JeM\/l+(£)' 

But Eq. 9.126 ^ 1 + ^l + f— so {u) = = 

V \tbj/ e/i 4 £/i 

magnetic contribution to the electric contribution is 

(b) S = -(ExB) = CQs{kz-ij}t+6E) cos[kz~u}t+SB-\-(j>) i\ (S) = /-EgSoe"®''* cosi^z. [The 

M 2^ 

average of the product of the cosines is ( 1 / 2 ?:) zosdcos{6+4>)dQ = {l/ 2 )cos 0 .] So/= — cos 0 = 
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Problem 9.21 

According to Eq. 9 . 147 ^ R — 


-'Or 


^ 0 / 


1 -^ 


1 + 0 


i- 0 \ n-r 


1 + 0 J V 1 + 


where 0 = 


pi 2 ^ 


{k2 + iK2) {Eqs, 9.125 and 9 . 146 ), Since silver is a good conductor {a > tu), Eq, 9,126 reduces to 


^2 




/i 2 W 


< 7 Wfl 2 3 

SO 0 = + l) = ^ilVi 




. / <y I o jafio (O ln8^ /(6 X 10^)(47r X 10 

“ ^ ^ '“"V^ ' "'V ^ " 'V ^ ‘ V (2)(4xl0-=) ■■ - 

^ _ / 1 - 7 - ^ 7 ^ f 1 - 7 + ^ 7 \ ^ (1 ~ ' 1 ')^ + 'y^ 

\l + 7 + i 7 / Vl+ 7 “* 7 / 


(1 + 7 )^ + 7 ^ 


0 . 93 . Evidently 93 % of the light is reflected. 


Problem 9.22 

(a) We are told that w = a^/X, where ct is a constant. But A = 2 -u/k and v — u:/k, so 

, , - duj /—I I [ 2 ^ 1 ^ 1 

a) - Qfc,/ 27 r/fc = oiV 2 iTk. Prom Eq. 9 . 150 , '^g ~ ~k ~ 2 *^^^ ~ 2 ^’ 

i{px — Et) 


or 


V = 2Vg. 


(b) 


h 


= i(kx ~ u)t) 


p E p 

‘=B'" = t = 


,2 fcjL 2 

= . Therefore 

2 mh 2 m 


u E 


p _ hk 
2 m 2 m' 


duj 2 hk hk 

dk 2 m m 

L 

m 

So 

" = w 

Since p — mv^ (where Vc is the classical speed of the particle) , it 

follows that 

Vg (not u) corresponds to the classical veloctity. 



Problem 9.23 
1 qd 


E = 


47 reo 


F = -qE - - ^ - ”^sprmg^ = -mufQX (Eq. 9 . 151 ). So 

\ 47reoaV 


0^0 


iiregma^ 


^ ^ _ J_ 


(L 6 X 10 - 1 ^)^ 


27 r 2 n y 47 r{ 8 .S 5 x 10 ”i^)( 9.11 x 10 -^^){ 0,5 x lO-^O)^ 
^From Eqs, 9.173 and 9 . 174 , 


7,16 X 10 ^^ Hz, 


This is ultraviolet. 


A = 


nq 


■^ / r iV = # of molecules per unit volume = = 2.69 x 10 ^^ 


2 meo Wq ’ { / = # of electrons per molecule = 2 (for Hs). 

{ 2.69 X 10 ^^)( 1.6 X 10 '*®)^ 


(9.11 X 10-31)(8.85 X 10-*2)(4.5 x i0>6)2 

/27rcy _ /27r X 3 X 10®y _ 

^ “ V "^ ) “ \ 4.5 X 10*6 ) 


4.2 X 10 


,-a 


(which is about 1/3 the actual value); 


1.8 X 10"^^ 


(which is about 1/4 the actual value) . 


So even this extremely crude model is in the right ball park. 




{u)l - 


27nco [(ti^o — 


Let the denominator — D. Then 


Problem 9*24 

Equation 9.170 => n — 1 + 

dn __ Nq^ j -2u; (u;^ - cj^) 

{h 2m£o \ D 

(tJo-w^)^ +7^tu^ = 2(wo - 7 ^(wo -w^), or (wq = 7 ^(w^+Wo -w^) ^ 7^w^ ^ (uJq -w^} = ±wa7; 


« L X U ^ ' J 

[2(tjg - w^)(-2w) + 7^2tu] I ^ 0 => 2cu£> = (wq - w^) [2(wo - - 7^] 2w; 
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- Uq =f tJo7, iJ = UJQ v^l T 7/ ^0 = C^o (1 ^ 7/2 c 4 Jo) = cJo T 7/2^ So tJ2 = tJo + 7/2, £*^1 = - 7/2, and the 

Nq^ 


width of the anomalous region is Au — 102 — 

Nq^uj^ 7 


FVom Eq. 9.171, a = 


meoc (wq - 


, so at the maximum (u = u^o), <^max “ 


meQcy 


A j 2 -> 7 / \ „ 

At uj] and ^ uJoy, so q = — ^ ^ — 2 ■ 

meoc 7^u;g + 7-cj- \tJ-+tJ5y 

= 1 iLTlAjol ^ i f, ^ i'i f 1 ± jlU 1 fi ^ J_U 1. 

2{1^7/2 u;o) 2 \ £4^0 / \ 2 u;q/ 2 \ 2tA;o/ 2 


£^0 ^ £^o 7 


+ 6Jq 2Lt?Q qp iA;o7 

So a = ^Omax tJi and 0^2* qed 


Problem 9,25 


UJ 

- 

c 




fj 


1 


2mf.o ^ (^j ~ ) 

Nq^ ^ f: 


doj 


dk {dk/du) ' 







1 , (w?+w^) 

^ " Z-.-'-’f/,,? _,, 2 ' 


2 m€o 


(a;| - 


Since the second term in square brackets is positive^ it follows that 



Uf 

whereas v = — c 

k 

11 

-1 

Vg < C, 

is greater than c or less than c, depending on uj. 

2 m€o ^ (w| - w^) 





Problem 9,26 

(a) From Eqs. 9.176 and 9.177, V x E = -^ = V x B = -^~ = 

ot at 

In the terminology of Eq. 9.178: 


(VxE),^^-^- 


(V X E), - 
(V X E), = 
(V X B), = 
(V X B)„ - 
(VxB), - 


dy 

dz 

dEx 

dEx 

dz 

dx 

dEy 

dEx 

dx 

dy 

dBx 

dBy 

dy 

dz 

dBx 

dBx 

dz 

dx 

dBy 

dBx 

dx 

dy 


9 £o. 

dy 


dE, 


- ikEo^ J So (ii) - ikEy = iuB^. 


= ( ikEa. - . So (iii) ikE^ - 


dx 


dx 


dx 

'dB, 


2 iL _ P* 

r dy 
^-ikBa}je' 


i{kz-ut)_ So (i) 


dEy dEj: . 

'■ — - — ~ — ■ = thjB^. 


dx dy 

dB, 
dy 


(kz-o>t)^ So (v) ^ - ikBy = 

-J- . 


= ifcSo, - 


^ gi(fc*-uJ 

dx J 


So (vi) ikBx - = -^Ey. 

dx cr 


= So (i.) a - = -!^e.. 

y dx dy J 


dx 


dy 

l 2 ] 


dE, 


This confirms Eq. 9.179. Now multiply (iii) by fe, (v) by u?^ and subtract: 

ox 


dB^ 

+iLjkBy = 
dy 


^ iu^ ^ J ,2 ^ , 9 jE, dB^ ^ i (, dE, dBA 

,k.S, + _E. . (^fc - -j £, = +0--^, or (.) E. = (,*-8r + “-ar)' 

dBx dB, . 

Multiply (ii) by fc, (vi) by tu, and add: k-z ik Ey+iuikB^—u)— — = rwfcBi— — r-Ej, i ( ^ — A: 1 E„ = 

oy ox c \c / 
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, dE, , dB, 

"‘it ■""'5^' ^ 


^ \ dy dx ) 


Multiply (ii) by u)j(r, (vi) by k, and add: 

udE 
dx 




dy dx 
<jj dEs . u;k 


(? dy 


— i'^Ey + ik^Bx ^ k 


- t~B. - ,—E, =f 


a, . » (i“) s. = 

u^k 


i f dB, u; dEA 
^ — k^ \ dx c^dy) 


Multiply (iii) by uj/c^, (v) by k, and subtract: i—Ex — 


uj dE, 


(? dx 

^ (cj/c)^ — A:^ \ dy 

This completes the confirmation of Eq. 9.180. 


-A: 


dB 


iujk , 




or (iv) By = 


f f ^ 9Ez \ 

\ dy^c^dx) 


„ + ik By — i—;rBy + — ^Ex ^ 


(b) V ■ E - 


dEx dE„ dE, 


dx 

Using Eq. 9.180, 


dy 


dz 


- ( + ikEo. 1 - 0 


dy 


dEx , dEy , ^ 

Q "b * + tkEz — 0. 

dx dy 


(w/c) 


2 -*2 ( 


or S + ?^ + [{u/cf - Ex - 0. 


,d^Ex d‘^B, \ 
dx"^ ^ dxdy j ' (■ 


i /,d'^Ex d'^Bx\ ^ „ 

(j/c)^ - fe2 d^y "^dxdy / ^ ^ ^ 


dx‘^ d^y 
Likewise, V ■ B — 0 


dB^ dB^ 

+ ^+ ikB, = 0 


dx 


dy 


* 1 

fd^Bx ud^Ex\ i 

( d'^Bx w dE, \ 

(W/C)2 - k^ ' 

dxdy } (u;/c)^ “ A:^ 

dy^ dxdy ) 


+ ^A:^, = 0 


S^ + ^ + [(Wc)“-‘Ti^. = o- 

This confirms Eqs. 9.181. [You can also do it by putting Eq. 9.180 into Eq. 9.179 (i) and (iv).j 
Problem 9.27 

Here Ez = 0 (TE) and u/c — k {n ~ m — 0), so Eq. 9.179(ii) Ey = —cB^^ Eq. 9.179{iii) => = cByy 

Eq. 9.179(v) ^ ^ ^ i (^kBy - ^Ex) = i [kJy - = 0, Eq. 9.179(vi) => ^ = i (kBx + = 

i {kBx - -Sx) - 0. So 


dx 


dy 


c " / ' ‘ ' ' dx \ 

= 0, and since is a function only of a: and y, this says is in fact 


a constant (as Eq. 9TS6 also suggests). Now Faraday’s law (in integral form) says ^ E ^ (R — - J ^ da, 
and Eq. 9.1 70 ^ = — icjB, so ^ E • dl = iw /B ■ da. Applied to a cross-section of the waveguide this gives 

^ E - dl = twe*'**-""* j Bx da ^ (a6) (since Bz is constant, it comes outside the integral). But 


if the boundary is just inside the metal, where E = 0, it follows that 
which we already know cannot exist for this guide. 


Bz ^0. 


So this would be a TEM mode, 


Problem 9,28 

Here a = 2.28cm and b = 1.01cm, so i/m = ~ = 0.66 x 10^° Hz; 1/20 = 2-^ = 1.32 x 10^® Hz; 

27r 2a 2a 

1/30 - 3^ = 1.97 X 10'° Hz; J^oi = ;^ = 1.49 x 10'°Hz; 1^02 = ^~ = 2.97x 10'°Hz; i/n = i = 

2a 2o 2b 2 V a^ b^ 


1.62 X 10^^ Hz, Evidently just four modes occur: 10, 20, 01, and 11. 


To get only one mode you must drive the waveguide at a frequency between i/iq and i/ 2 q- 

0.66 X 10^*^ < i/ < 1.32 X 10^^ Hz. A = so Aio = 2a; A 20 — a, 2.28 cm < A < 4.56 cm. 
£/ 
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Problem 9.29 

FVom Prob. 9.11, (S) = x B*). Here {Eq. 9.176) E = B’ = and, for the 

2/xo 

TEmn mode (Eqs. 9.180 and 9.186) 


K 




Ez 


£„ = 


-ik J 

^ — mTT^ 

J Bo sin 

/mnx > 

\ros('^) ■ 


(w/c)2 - k^ ' 

a . 

V a ^ 

b }’ 


i j 

( — njr'^ 

1 Bo cos 1 


Sin ■ 


(w/c)* - JfcS 1 

^ h J 

^ a / 

\sm\^ J, )> 

* 


_ / rmrx \ ( ni:y \ 

= Bocos(— jcos(— j; 


lUJ j 

r — 

1 Bo cos ( 


sin 

(u;/c)2 - 1 

^ b ) 

^ a / 

® 1 6 ) 

— iw J 

( —mw^ 

J Bo sin 

^mTTX^ 

\ cos 

((j/c)2 - fc2 1 

\ a , 

V a ^ 

r°H b } 


E, = 0, 


So 


1 < i-KuBJi fm\ . fm'!rx\ /m.'!tx\ , /n7rv\ . 

W ™ (—)“*(—)“* (t)* 

/n\ 9 rm7rx\ , /nnyx /n7ry\ ^ 


I 


+ 

+ 


(u/c)^ 
ukir^Bn 


[(u;/c)2 - k^Y 


^0 [(»)%„, (I^) . (II^) (=)] ,}. 


(S)-da ^ 


1 ujkn^BQ ^ 

8w [(w/c)^ - k^Y 




\ a / 


6/ 


[In the last step I used 


sm^{mnx/a) dx = cos^(m7rx/a) dx — a/2; sin^ (uT^y/b) dy = cos^ (uT^y/b) dy = b/2.] 


Similarly, 

{u) = 


\ feoE.E* + — B'B*) 

4 \ fio J 

€n , /m7rx\ , ■>/mTy\ /m\^ . /m'xx\ -> /njri/\ 

[(h) (— ) "" (-r) U (— ) (^) 


4 [{i^fcY - k'^Y 


k^Ti^DQ 


[{u/cf - k^Y 


^ /m7rx\ . a /n7ry\ ^ a 1 


/ 


(u) da = 


ab J €o 


4 1 4 {{i^jcY - *2]' 


V-'l^ /' — + ^ + ^ r/n\2 

\i»/ \ Cl / J 4^0 4/io [(w/c)2 - 
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These results can be simplified, using Eq. 9.190 to write [(u;/c)^ — €o/io = 1/c^ to eliminate to, 

and Eq. 9.188 to write [(m/a)^ H- (n/£>)^] = (cj^nn/Trc)^: 


Evidently 



Lt;kabc^ 


^o; 



oj^ab 




energy per unit time 
energy per unit length 


/ (S) ■ da _ kc^ 
f (u) da w 


= -\/w^-w^„ = Vs (Eq. 9.192). 

OJ 


qed 


Problem 9,30 

Following Sect. 9.5.2, the problem is to solve Eq. 9.181 with ^ 0,Bz =0, subject to the boundary 
conditions 9.175. Let Ez(x,y) = A"(x)y(j/); as before, we obtain X(x) — .4sin(A:iX) + B coslk^x). But the 
boundary condition requires = 0 (and hence = 0} when x = 0 and x ^ a, so B = 0 and = mrr/a. 
But this time m = 1, 2, 3, , . . , but not zero, since m — 0 would kill X entirely. The same goes for F(y). Thus 


. fm7rx\ . fn7ry\ 


with n,m = 1,2, 3, . . . . 


The rest is the same as for TE waves: 


i^mn = C7r^(m/a)^ + (n/6)^ 


is the cutoff frequency, the wave 


velocity is u = c/ y^l - and the group velocity is Vg = c^/l — (u^mn/^)^' The lowest TM mode is 

11, with cutoff frequency wn — C7r^(l/ci)^ + So the ratio of the lowest TM frequency to the lowest 

TE frequency is = 

^ {ar/a) 


%/l + 


Problem 9.31 

(a) VE= ^ — (sE,) =0/;V*B = ^ — ::r 0 V xE ^ ^ ^ = 

s as s d(f> dz 5 (90 s 

dB Eoijsinikz - 7 . . . , ^ x ,-r ^Ba ^ ^ d , „ . ^ Eoksin{kz - u;t) ^ ? 

= — / (since k = u/c)\ V x B = - — = 

at c s oz 3 os c s 

= — — ^ s /. Boundary conditions: E^^ = = 0 = Bj = 0 /. 

at d' s 


/ 


(b) To determine A, use Gauss’s law for a cylinder of radius a and length dz: 

1 ^ 1 


E ■ da = £b — — ^^{27ra) dz — — Qenc = — A dz ^ A = 27reo£'0 cos(l:z — uft). 

S €q €q 


To determine /, use Ampere’s law for a circle of radius a (note that the displacemeiit current through this 

Bo cos(^z — uft) 


-(27r5) = ^o/ei 


loop is zero, since E is in the s direction): ^ B-di = 

The charge and current on the outer conductor are precisely the 
the metal, and hence the total enclosed charge and current must be zero. 


7 = cos(A:z “ LJt). 

Moc 


opposite 


of these, since E = B = 0 inside 


Problem 9.32 


/(2,0) ^ [ A{k)d^^ dk => /{z, 0)" = f dk. Let / = -k[ then /(z,0)* = 

7 — 00 J —00 

^—00 fOO poo 

j A(~l)*e^^{—dl) — I j 4(— / A(-A:)*e**“^ dA (renaming the dummy variable I — ^ ft). 

Joo 7—00 7—00 

/(2,0) = Re [/(z,0)] = i [f{z,0) + /(2,0)‘] = ^ \ [^(fc) + M-k)*] e*‘=^ dk. Therefore 
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1 1 

^)*J - /{2,0)e-’*=d2. 

/ oo"^ f ^ 

-oo */ — oo 

(Note that u = lfc|wj here, so it does not come outside the integral.) 


dk. 


. J^oo fOO ^ — oo 

f{z.oy = / [iwA(it)*]e-'*-*dfc = / [i\k\vA(ky]e^*'^' dk = / [2|/M(-;)'’]e''"(-‘^0 

7— oc j— oc ^oo 

/ CO ^oo 

[i|fc|wi(-A:)*]e‘‘'= rffc = / [iwA(-fc)*]e**^" dfc. 

'OO j — oo 

/(z,0) = Re 1^/(3, 0)| = i [/(z,0) + /{z,0)*] = y^ ^[-iwA(*) + iwA(-fe)‘]e*''^ dfc. 

[i(/:) -i(-fc)*] = ^ yy“ fiz, 0 )e-^'‘^ dz, or i [i(fc) - A(-fc}’] = ~ 

Adding these two results, we get 


e-'*=" dz. 


A{k) 


- J_ / 

~ 27r y_. 


fiz,0)+-f{z,0) 


e dz. 


qed 


Problem 9*33 

(a) (i) Gauss’s law: V ■ E - = 0 . / 


(ii) Faraday’s law: 


= V xE = 


rsin^ 9<A 

f - ~^{rE^) 9 

T Sin B 06 T or 


1 d 


( I'M 

. 1 d 


f 1 . M 

r sin B dB 

Eo 

r 

cosu — — sinu 
\ )\ 

r dr 

Eq sin 0 1 

1 cosu — — smu ) 


n ^ . 3 , 

But “ costi = — Ksmu; — sm u = A: cosn, 
or or 


1 Ei 


rsin^ r 


— 2 sin^cos^ f cos?x — 7 ^ sinii ) f — -£^osin 0 ( — A:sinti + -Ar sinu — - cosu^ 0. 

\ hr / T \ kr^ r / 


f 1 . f . 1 

Integrating with respect to i, and noting that / cosud£ = sinu and / sin udt — — cosu, we obtain 

J iJ J u 


B = 


2Eq cos 9 


cur^ 


f . 1 \ . ^sin 6 f / 1 I . \ A 

sm ti + — cos n r -I — ■ - [ —k cos u + cos u -{ — sin n 9. 

\ kr J wr \ kr^ r J 


(iii) Divergence o/B: 

t'I 


1 

V'B = -^-^{r^Br)+ —■~(sm 6 Be) 

.j ,2 \ r Sin 9 oB 


1 d '2 EoCQS 0 
dr [ ijj 
1 2 Eo cos 0 
uf 

1 2^0 sin 0 cos ^ 


f . 1 \1 1 

smt/ + — cosu + — r 

\ hr / J r sii 


’ sin 9 00 


Eq sin^ 0 


ujr 


f f 1 1 ■ M 

I — cos u + cos tx H — sin n I 


’sin0 


f, 1 1 . \ 

k cos u — COS u — - sm ti 
\ kr^ r / 

/ , 1 1 * ^ 

— A: cos u + 7-^ cos u + - sm ix 
\ kr^ r J 


2 Eo cos 0 




( k cos u ^ cos u— -smu — k cos u + 7 ^ cos u -! — sin iz ) = 0 . / 

kr^ T kr^ T ) 


(iv) Ampere/ Maxwell: 

V X B = 


^ ^ R V 

de 


<P 


-\{ 


j 9 

dr 


2 £?o cos 0 


U)T^ 


EosinO / , 1 1 , \1 a 

— -ftcostz + T -7 costz + - Sinii } - — 

uj \ kr^ r J } aO 

EosinO /,2 ■ 

I k sin u 

f, . 1 \ 2 lEosinO / . 1 \ ^ 

k sin tz + - cos u \ m — ksinu -{ — cos u \ 0 ^ 

\ r J c r \ r J 


2 1 , 1 . k 2 . 

“ cos u sm iz — sin it H — cos u -\ — — sin u + 


ufr 
k Eq sin 0 


^sinii + ~ cos^z^ 


1 dE 
dt 


uj r 
1 Eo sin 9 

T 

1 Eq sin 9 
c r 


/. u; I cj EQsm 9 / ^ . 1 \ 2 

( w sm tz + — cos u] 0 = A: sin it H — cos tz 0 

\ kr / k r \ r J 

^k sin tz + - cos = V x B* / 


(b) Poynting Vector: 


S = 


1 _ _ . ^sin^ / 1 . \ r 2 £?ocos 0 f . 1 \ - 

— (E X B) = cos tz — — sm iz — sm tz + — cos tz 9 

/zo Mor \ kr J ujr^ \ kr J 


Eosm 9 ( , 1 ,1 ^ 

H 1 — /:costz + r—z costz H — smit (— r) 

ojT \ kr^ T } 




El sin ^ f 2 cos 9 






1.2 ^ 2 . 1 - 
sintzcostz + — (cos tz — sm zz ) — ; „ v sm tz cos tz 
kr k^r^ 

1 


1 2 1 ^ 1 ^ 

- sin^ -A: cos u + cos tz + - sintzcostz + - sinucostz 
\ kr^ T T 


, . ^ sm tz cos tz — -— r sm tz 
k^T'^ kr^ 


Eq sin 9(2 cos 9 
/zoozr^ 


f 2 COS0 [ I \ . 1 . 2 * 2 d 

<- ( 1 - sintzcostz + —(cos u - sm tz) 9 

+ sin 0 - H" sin tz cos tz + A; cos^ tz + (sin^ tz — cos^ tz) r I . 

y r / kT‘^ J J 


Averaging over a full cycle, using (sintzcostz) = 0 , (sin^u) — (cos^tz) = ^3 we get the intensity: 


I = (S) 


Eq sin 9 
/zoozr^ 



sin^ 9 ^ 
2 /zocr^ 


It points in the f direction, and falls off as 1 /r^, as we would expect for a spherical w ave. 

.2, 


(c) F = f l dB.= ^ ^in9d9d0 = 27t [ s\n^ 9 d9 — 

J 2 /zoc J 2 fjLQC Jo 


Att El 
3 poc 
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Problem 9.34 


X 



z <0: 



0 < z < d : 

J E^(2, 0 = X, 

[ Ej(z,i) = £(e*<-***-“‘>x, 

B({z, t) = y. 

z > d : 

{ ET(z,t) = Ere’(*=*-"‘> x, 

Brizit) = y- 


Boundary conditions: Ej = Bj’ = b!], at each boundary (assuming = /za = ^3 = fio): 
Ej + Efi — Er + Ei ; 


z = 0 


— Ej 

^ Ul Vi V2 


V2 


Ei ^ Ej - Er — 0(Er - Ei), where /3 = vi/v 2 ^ 


1 1 1 

— ^ => = aEre^^^^, where a = u^/ua. 

V2 V2 Vz 

We have here four equations; the problem is to eliminate Er^ Ery and Ei, to obtain a single equation for 
Er in terms of E/, 

Add the first two to eliminate Er : 2Ej = (1 + /?)Er + (1 - 

Add the last two to eliminate Ei : 2Ere^^^^ = (1 + 

Subtract the last two to eliminate Er : = (1 — 

Plug the last two of these into the first: 


AEi = [(1 + a)(l + + (1 - a){l - /3)e‘*"'] 

= [(1 + Qp) + e'*'*") +{a + 0) (6"**='^ - 6**““^)] Bj-e**"'' 

= 2 [(1 + a0) cos(A2cf) — {{ei + 0) sm{fc2d)] 
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M .1- . ■ • 'T’ wa vi\Et\^ 

Now the transmission coefficient is T = = — I ^ _ ' = — - * = ap ^ , so 

vieiEfo vi \fiQ€j \Ei\^ U3 |£/P |E/p’ 


T"‘ = 


1 |E/P ^ ±_ 

a0\ET\^ a0 


[(1 + £1,9) cos(A: 2 £i) - t(£i + 0) sin{fc 2 £i)] e 


ik^d 


[(1 + cos^(fc 2 cf) + (a + 0)^ sin^(A: 2 <i)] ^ But cos^(^: 2 <i) = 1 ” sin^(l: 2 rf)- 
[(1 + a0)^ + (q^ + 2a0 H- /3^ - 1 “ 2ct/? - sin^(A:2(f)] 

^ [(1 + a0f - (1 - a^)(l - 0^) sin^(fe 2 £i)] . 

But Hi =: — , 712 = — 1 ^3 — — , SO Q = — , 0 = — . 

Vi V2 V3 na ni 


4nin3 


/ V2 (^1 “ "*^ 2 ) - 2/1 jv 

(ni + 7^3}^ + — ^ siir(k2d) 


Problem 9*35 

T — 1 => sinM = 0 ^ fed = 0^ 7r, 27r The minimum (nonzero) thickness is d — 7r/fe * But k = u;/u = 

27ri//t; = 27rt/7i/c, and n = ^ep/£oMo (Eq* 9.69), where (presumably) p p^). So n = y/e/cQ — ^/c7, and hence 
TTC c 3 X 10® 




= 9.49 X 10 ^ m, or 9.5 mm 


27ri/^ 2y^ 2(10 x 10®)v^ 


Problem 9,36 
Ftom Eq* 9*199, 




4{4/3}(l) 

L 

16 


(9/4) 


+ 1]2 + [(16/9) -(9/4)][l- (9/4)] 

49 (-17/36)(-5/4) . ,,, J 49 

9 (9/4) ^ ^ “ 48 (48){36) 


sin^(3u;d/2c)| 
85 


sin^(3u/d/2c). 


T = 


48 


49 + (85/36) sin-=(3u/d/2c) 


Since sm^(3{jd/2c) ranges from 0 to 1, r^in = 


48 


49 + (85/36) 


0*935; 


48 


49 


Tmax — = 0*980. Not much 


variation, and the transmission is good (over 90%) for nii frequencies. Since Eq. 9.199 is unchanged when you 


switch 1 and 3, the transmission is the same either direction, and the fish sees you just as well as yon see it 


Problem 9,37 

(a) Equation 9.91 ET(r, 0 = kr ■ r = fe 7 '(sin^rx + cos^t^) *(xx + s/y + 2 £) = 

fer(xsin0T + ^cos^r) = xhTBinOr + izkry/^in^ $t — I = kx + inz^ where 


L - i, ■ i3 fu;n2\ni u;ni 

k = kx smOr = “ — ) — sm Bj — sin 0/, 

\ C / 712 c 

K = fcry^sin^ — 1 = ^^”^(ni/n2)^ sin^ 1 sin^ “ ^2- 

ET(r,0 = qed 


So 
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{h)R = 


Eo^ 

2 

a - 0 

Eq^ 


a + 3 


with » real: R = ( ('4^') = = ED 

\m + j3/ \—ta + 0 j ^ 


(c) From Prob. 9J6, = 


* Here 0 is real (Eq* 9.106) and a is purely imaginary (Eq. 9.108); write a = ia, 

2+^2 

: ” I 

2 


1 - a/? 


1+ a0 


Eqj, so H - 


I - a0 


1 + a/3 


(d) From the solution to Prob. 9.16, the transmitted wave is 

1 


l-ia0 


1 + ia0 


_ (1 - ia0){l H- ia0) 
(1 + ia0){l - ia0) 


-0 


E{r,f) B(r,() = cos^rx + sineT z). 

^2 

Using the results in (a): * r = Ax + (kz - sin^T = cosOt — 

urn 2 u;n2 

E(r, 0 = y, B{r, t) = ( -i— x + ^ zV 

V2 \ <jjn2 10712 / 

We may as well choose the phase constant so that ^ 0 .^ is real Then 

E(r, U = E{ye~^~ cos{Ax - ut) y\ 

1 _ w wr C 

B(r,t) = — Re{[cos{Ax ^ tot) + i sinfAx — ut)] [— i/cx H- Azl) 

^2 t4^n2 

= [k sin(Ax - ut) x + A cos(Ax - ut) z] , qed 

{I used V 2 ~ c/n 2 to simpify B.) 


(e) (i) V - E 

(ii) V ■ B 


dt 


[Eqc cos{Ax ” iA)t)] = 0, / 
Oy 


A 

dx 


Eq 

~e~^^K8m{kx “ ut) 
10 


d 

^ — 

dz 


Eq _ . 

— e k cos{kx — u^t) 


Eo r - 


nk co5(kx — wt) — Ke ''^A:cos(fc3: — wt)] = 0. / 


(iii) V X E = 


X y z 
d/dx djdy djdz 
0 Ey 0 


dEy . dEy . 


= /^EJoe cos (Ax — wt) x — Eoe A sin(Ax — wt) z. 

Eq _ 

— [— cos( Ax — bjt) X -f Acj sin(Ax — ) z] 


(iv) V X B = 


KEoe cos(Ax - u;i) x - kEoc sm(kx - a/f) z = V x E. / 

y 


_ (dB, 


\ dz 

_ 

dx ) 


X y z 
d/dx d/dy djdz 

Ba: 0 B3 

— — sin(Aa: — lot) + — sin(Aar — ujt) 


UJ 


CJ 


y = (A® — K^)~e sm(Ax — tx/t) y. 


Eq. 9.202 A^ - [nl sin^ 6 1 - (m sinOi)^ + (n 2 )^] = = u;^£ 2 /i 2 ‘ 
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= sin(A:x — UJt) y. 


dB 


(f) 


M2 €2-^ - M2^2^oe ''^a;sm(A:x - cjt) y = V x B /. 

at 

1 ^ ^0 ^- 2 kz q CQs{kx — ijJt) 


S = — (E X B) = — 

M2 M2 ^ 


KSm(/:2:; — ut) 


y 

:x - 

0 


z 

0 


k cos{kx — u)t) 


E'^ 

— [/- cos^ffcx — LJt) X — K sin(A:2: “ tjf) cos(kx — u;i) zl . 
M 2 ^ 


Averaging over a complete cycle, using {cos^) = 1/2 and (sin cos) = 0, (S) = 




2fi2iA) 


X. On average, 


then, no energy is transmitted in the z direction, only in the x direction (parallel to the interface), qed 

Problem 9-38 

Look for solutions of the form E = Eo(x, j/, B = Bo(x, ?/, subject to the boundary condi- 
tions = 0, = 0 at all surfaces. Maxwell's equations, in the form of Eq. 9.177, give 


= 0 ^ V ■ Eo — 0; V X E = -> V x Eo = j 


f V*E = 0 
\ V B =0 
)m now on FI] 

J V ' E = 0; V X E = iujB; 1 
\ V'B = 0; VxB = -^E, J 


V ■ Bp — 0; V jj — 

From now on Fli leave off the subscript (0), The problem is to solve the (time independent) equations 

V - E = 0; V 

V ■ B = 0; V 

From V X E = iuB it follows that I can get B once I know E, so Fll concentrate on the latter for the moment. 
V X (V X E) = V(V ■ E) - V^E = -V^E = V x (iwB) = ^E. So 

V^Ex — ^x; V^Ey = — y Ey j ^ Ej. Solve each of these by separation of variables: 


Ex{x,v,z) = X{x)Y{y)Z{z) 




(u^/c)^. Each term must be a constant, so 


cPx .o„ .o,, <i^z 


1 (Px IPY iPZ 
y dy^ Z dz"^ 


dx^ 


= -klX, 




+ ^y d- The solution is 

Ex{x^y,z) = [^sin(Aarx) + Ecos(/£:jX)][Csm{l:y^/) H- E cos(A:yy)][Esin(/:^2r) + Ecos(A:jz)], 

But E^ = 0 at the boundaries => E^ = 0 at 3/ = 0 and z = 0, so E = F = 0, and E^ = 0 at 3^ = 6 and z = d, so 
ky — mr/h and k^, — In/d, where n and I are integers. A similar argument applies to Ey and E^, Conclusion: 


Ex{Xjy,z) = [Asin{Arx2!:) + Ecos(A:ix)] sin(A:yy) 5in(A:£2), 

Ey{x,y,z) = sin(/:a;x)[C5in(^yy) + E cos(A:y3/)]sin(A:^z}, 

Ei(x, 3 /, z) = sin(A:ix)sin(fey 3 /)[Esin(fciz) + F cos{kxZ)]^ 

where — mn/a. (Actually, there is no reason at this stage to assume that ky, and k^ are the same for 
all three components, and I should really affix a second subscript (x for E^, y for Ey, and z for E^), but in a 
moment we shall see that tn fact they do have to be the same, so to avoid cumbersome notation Fll assume 
they are from the start.) 

Now V-E = 0 => fca;[Acos(A:jx)-Esin(A:a^x)]sin(Aryy)sin(A:2z)+Ary sin(A:^x)[Ccos(A:y3/)-Esin(/:y3/)]sin(fe^z)+ 
fe^sin{A:ix)sin(fcy3/)[Ecos(A:^z) - Fsin{fc5z)j = 0. In particular, putting in x = 0, A:2rAsin(A:yy}sin(fcjz) = 0, 
and hence A = 0, Likewise y = 0 => C = 0 and ^ = 0 ^ E = 0. (Moreover, if the k's were not equal for different 
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components, then by Fourier analysis this equation could not be satisfied (for all y, and z) unless the other 
three constants were also zero, and we’d be left with no field at all.) It follows that -{Bk^ +Dky + f fc*) = 0 
(in order that V ■ E = 0), and we are left with 


E = Scos(ftia;) sin(fcj,y) sm{kiz)x + Dsm{kxx) cos(fcj,j/)5in{A:sz) y + Fsm{kxx) sin(ifcyy) cos(fcj 3 )z, 
with kx = (m7r/o), ky = (n7r/6), k^ = (In/d) (i, m, n all integers), and Bkx + Dky + Fk^ = 0. 


The corresponding magnetic field is given by B = -(i/w)V x E; 


i 1 

fdEz 

u 

[ dy 

i 1 

(dEx 


dz 

i 1 



1 dx 




sin(fcxa:) cos{kyy) cos(A;j 2 ) - Dkn sin(fcia:) i.os{kyy) cos{fcj 2 )] , 


; cos(fc*a:) cos(fts,y) sin(fcj 2 ) - Bky cos{fcia:) cos(fcj,i/) sin(fej 2 )] . 


Or: 


B = ~ Dk^)sm{kxx) cos(fcj,y) cosik^z) x - - Fk,) cosikxx) sin{kyy) cosik^z) y 

f 

{Dkx — Bky) cos{kxx) cos{kyy) sm(/Cj2} z* 

(jj 

These automatically satisfy the boundary condition = 0 = 0 at 2 = 0 and a: = a, - 0 at y = 0 and 

y = b, and = 0 at 2 = 0 and z = d). 

As a check, let*s see if V ■ B = 0 : 


■ B = -^{Hky - Dkx)kx CQs{kxx) cos(kyy) cos(A:j 2 ) - ^(Bk^ - Fkx)ky co3{kxX) cos{kyy) cos{kzz) 

i 

{Dks; - Bky)k^ cos{kxX) cos{kyy) cos{ksZ) 

to 

^{Bkxky JDk^k^ + Bk^ky Bk^ky + Bk^k^ — Bkyk^) cos^k^x) co^i^kyy) cosi^k^z) — 0 . 

The boxed equations satisfy all of Maxwell’s equations, and they meet the boundary conditions. For TE 
modes, we pick = 0, so F = 0 (and hence Bk^ + Dky — 0, leaving only the overall amplitude undetermined, 
for given m, and n); for TM modes we want = 0 (so Dkj. - Bky = 0, again leaving only one amplitude 


undetermined, since Bk^^ + Dky + Fk^ = 0)* In either case 

(TEimn or TM(mn), the frequency . 

is given by 

^2 _ [(m7r/a)^ + {nn/b)‘^ + (/?r/d)^], or 

w = C7rv^(m/a)2 + (n/fi)^ + (l/d)^. 



